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Kak ycTtpoeHa maTtemaTtuka

MaTtemaTuka — 270 cneuundpryeckas Hayka.

OHa He OTHOCUTCS K YUCNY ECTECTBEHHBbIX HayK (cbn3nka,
boTtaHuka, reonorus, u np.), T. K. OHA HE UMEET AeNa HU C
NPUPOLHBLIMU SABJAEHUSIMU, HU C IMMUPUYHECKUMUN 3HAHUSIMU.

OHa He OTHOCKUTCS K YUCAy ryMaHuTapHbix Hayk (dunocodus,
NCTOpUS, NOANTONOIUA 1 Np. BONTONOMUSA), T. K OHA HE 3aHUMAETCS
HU JIIOACKONA AEATENBHOCTBIO, HU JIIOACKMMU BO33PEHUSIMU.

OHa 3aHMMaEeTCs CO34aHNeM, Pa3BUTUEM U U3YHEHNEM
MaTEMaTUHECKIX TEOPU — YMO3PUTENbHBIX KOHCTPYKLMIA,
KOTOpbIE CTPOSITCS MO CTPOrUM OOBEKTUBHBLIM 3aKOHaM
dopmManbHOR norukn .



Kak ycTtpoeHa maTtemaTtuka

Cranuncnas Jlem cpaBHuBar
MaTeMaTUKy C 6e3yMHbIM MOPTHbIM,
KOTOPbI WWbeT oaexay ANs
HeBeJOMbIX CYLL,EeCTB.

[MopTHOro He becnokounT, KOMY
NPpUAETCSA BMOPY €ro ogexaa.

OH nnwb xo4eT, 4TOObLI NaaTbe
ObIJIO CLUUTO MPOYHO.



Kak ycTtpoeHa maTtemaTtuka

C 4ero HauMHaeTCa pacckas O KaXXAOM pa3jene maTemaTukm?

>

Bor

Brauane ycnasnusatotcs o cucteme obosHaueHui,
ONpeAensitoT A3blK, HA KOTOPOM ByayT 3anucbiBaThb
MaTeMaTuyeckune yTeepxxaeHus (OnpeaensieTcs CuHTakcuc
MaTEMaTMHECKOrO s3bIKa ).

3aTem npuxoasT K corfaweHunto ob ocHoBononaratoLmx
CBOICTBaX, 3aKOHAX, KOTOPbIM JOJIKHbI YAOBNETBOPSTH
NHTEPECYIOLLME HAC ONepaLnmn 1 OTHOLIEHNS Hag,
BoObpakaeMbiMu 0bbekTamu (PopmMynnpyrOTES aKCMOMbI
MaTeMaTUYeCKOl Teopun ).

[anee noroeapusaoTcsi 0 TOM, Kakne cpeactsa 0boCHOBaHUS
NCTUHHOCTN MaTEMaTN4YeCKNX YTBEPXKAEHNIA CHMTAOTCS
ponycTumbimMu (ONpesensieTcs annapaT JOrMHecKoro BbIBOAA ).
M nocne aToro npuctynatoT K NOAYYEHNIO OMUYECKN
0bocHOBaHHLIX yTBEPXAEHUI cdHOpMYNnpoBaHHON
MaTeMaTU4ecKoii Teopun (BbIBOJ, TEOPEM ).

TaK CTpPOATCA cbopmaanble AKCNOMaTUNYECKNE Teopun .



Knaccunyeckoe ncumcneHue npeagnkaTos

Kak MOXXHO akCMOMaTU3MpoOBaTh TEOPUIO OBLLE3HAYNMBIX
yTBepxaernii (popmyn)? Hanpumep, Tak:

AKCNOMBI.

H
©
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AxL. o1 = (2 = ¢1),

Ax2. (1 = (2 = ¢3)) = ((p1 = 92) = (p1 = ¢3)),
AX3. (o1 & v2) = @1,

Ax4. (p1 & p2) — @2,

AX5. p1 = (P2 = (p1 & ¥2)),

Ax6. o1 = (p1 V ¥2),

AXT. 2 = (1 V ¥2),

Ax8. (1 = wo) — ((¢2 = wo) = ((p1V ¥2) = ¥0)).
Ax9. o1 = (mp1 = o),

Ax10. ¢1 V —p1,



Knaccunyeckoe ncumcneHue npeagnkaTos

AKCNOMBbI.

1. Ax11. VX o(X) — ¢(t),
2. Ax12. p(t) — IX ¢(X),
3. AX13. VX (o1 = ¢2(X)) = (w1 = VX @a(X)),
4. Ax14. YX (p1(X) = ¢2) = (3X e1(X) = ¢2).

NMPABWUJIA BbIBOAA.

1. Mpasuno otgenenus (modus ponens)

0, ¢ — Y
w ’

2. lMpaBnno obobuieHuns VXLQO



Knaccunyeckoe ncuducneHuve npeagnkaTos
JIOTMYECKNIA BbIBOA.

MycTb 3afaHO HEKOTOPOE MHOXECTBO hopmyn (runoTes) [ .
Torpa norvyeckum BbIBOAOM U3 MHOXeCTBa runotes [
Ha3bIBAETCA KOHEYHadA NOCNeAO0OBaTENbHOCTb d.)OpMyJ'I

B KOTOPOIi Kakgas hopMyna ¢; YLOBIETBOPSIET OGHOMY U3
CnepyroLwmx yCnaoBuii:
1. nubo ¢; ABAseTCH aKCUOMOIA,
2. nubo p; sBnsieTcs runoTesoi, T. e. p; € [,
3. nmbo p; nonyyaetcs U3 npeguecTBytownx dOpMyN 3TO
NOC/EAOBATENLHOCTN MO MPABUNY OTLENEHUS WU NO NPaBUy
oboberns.

B s1om cnydae dhopmyna ¢, HazbIBaETCA BLIBOAUMON U3
MHOXKecTBa [, n aToT dakT obosnavaetca [+ ¢,

Popmyna ¢ HasblBaeTCca Teopemoii, ecam O F ¢, n aToT dakT
obo3HayaeTcs F v .



Knaccunyeckoe ncumcneHue npeagnkaTos

WUc4ducneHue npeankaTtoB C paBeHCTBOM.

Beenem cneumnancHblli ABYXMECTHbI NpefnKaTHbIA CUMBON = I
aobasnum k akcuomam KUI cnegytowne akcMomMbl paBeHCTBa:

1. Ax15. VX (X = X),
2. AXIE VX, Y (X =Y — (o(X,X) = o(X, Y))).

Mony4yeHHytO CMCTEMY aKCMOM Ha3bIBaKOT KJIaCCUYECKUM
ncHMcneHneM npeaukaTos ¢ paseHcteom KUM= .

Anrebpanyeckas cucrtema | Ha3blBaeTCs HOpMasibHOIA
MHTeprpeTayueii, ecnn ans Aobol napbl pasnnyHbIX NPEeaMETOB
di, d» u3 obnactn untepnpetaunn D; BEpPHO COOTHOLUEHNE

| - dh=dy.



AkcnomaTtunydeckme Teopmm nepeBoro rnopsgka

DnemeHTapHasi akcuomaTuyeckas Teopusi obpasyeTcs us
MCHUCNEHUA NPEANKATOB C PABEHCTBOM 33 CYeT

> OrpaHMYEHNsi CUTHATYpPbl S3blKa JOTMKK NPEANKATOB
(pUKCMPOBAHHBLIM KOHEYHBIM HAabOPOM KOHCTaHT,
PyHKLMOHABbHBIX 1 NPELMKATHBIX CUMBOJI0B, 0603HaYatoLWmMxX
6a30Bble 0OBEKTLI, ONEpaLUM 1 OTHOLLEHWNS TEOPUU,

> [06aBiEHNS K MHOXKECTBY aKCUOM UCHUCIEHUS MPEANKATOB
cneymnanbHbIX (HENOrMYECKNX) aKCMOM, OMUCHIBAKOLLMX
BazoBble MPUHLMNBLI TEOPUU.

Takum obpasom obpasytoTcs anemeHTapHasi TeOpuUsi PaBEHCTBA,
aNeMeHTapHasl TEOpUs rpynmn, 31eMeHTapHas Teopus noJei,
3/IEMEHTapHas reOMeTpUsl, dJeMeHTapHas apugMeTrKa,
aNeMeHTapHasl TEOPUSI MHOXKECTB, U Ap.

Popmynbl , TOrMYECKN BbIBOAUMBIE U3 aKCMOM 3J1EMEHTAPHOM
akcmomaTuyeckoll Teopun T, Ha3bIBalOTCA Teopemamu teopun T
n obosHayatoTcs 3anucsto T F .



AkcnomaTtunydeckme Teopmm nepeBoro rnopsgka

3ne|v|eHTapHa;| aKCMOMaTN4HECKaa Teopus T HasbiBaeTCs

> HENPOTUBOPEHUNBOI , €CNN He BCE (POPMYJIbI SIBASIOTCS
TeopemMamu Teopun T, T. . CylleCcTByeT Takas cpopmyna ¢,
ans kotopoii T I/ ¢;

> MOJIHOV , eCIM ANsl BCAKON 3aMKHYTONR hopMysibl inbo oHa
cama, nubo ee oTpuuaHme siBASIETCS TeOpemoii Teopun T, T. €.
ans noboii popmynsl ¢ anbo T+ ¢, ambo T F —p;

> KaTEropu4Hoii, ecnu nobbie ABe HOPMabHbIE MOAENN
Teopun T n3omopdpHbl, T. €. Ans NtoboI napbl HOPMabHbIX
WHTepnpeTaunii 1, I BepHo

ll‘ZTMIQ‘:T > /12/2;

> paspeLunMoii , €CNN CYLECTBYET aaropuTM, NMPOBEPSOLLNI,

ABIAETCS S NPOM3BOJIbHAS popMyna Teopemoii Teopun T .

VTBepXaeHue.

Bcsikas nonHasi KOHeYHO akCMOMAaTU3MPYEMas TEOPUS pa3peLurnma.



AkcnomaTtumnyeckoe ycTpoincTBO reomeTpumn

Brepeble nonbiTKy akcMoMaTM3MPOBaTb FEOMETPUIO NPeSNpPUHs
Eskang (3 B. mo H. 3.). TeomeTpnyeckas Teopusi Esknuga
onupanacb Ha 5 akcnom.

K coxaneHnto, cnctema reoMeTpuyecknx akcmom us «Havany
Eeknnga HenonHa.

BoT npumep UCTUHHOTO YTBEPXKAEHUSI, KOTOPOE HENb3s BbIBECTU U3
akcmom 1 noctynatos Eeknunga.
Ecnv npsivasi nepecekaet ogHy W3 CTOPOH TPEYroibHWKA B TOYKE,

OT/INYHOU OT BEPLUMHbI TPEYTrosibHUKA, TO 3Ta NpsiMasi Takxxe
NEPECEKAET eLle OfHY CTOPOHY TPEYrosibHIKA.




AkcnomaTtumnyeckoe ycTpoincTBO reomeTpumn

CuctemaT4eCKOe U OCHOBATENBHOE MOCTPOEHNE FEOMETPUYECKON
cncTembl akcmom beino ocywectenero [. Munsbeptom (40 akcmom)
B 1899 r. Bonee bonee KpaTKyt0 aKCMOMATUKY Y4AS0Ch NOCTPONTL
A. Tapckomy un ero y4eHnka (12 akcuom).

Akcuombl Tapckoro

Bynem paccmaTprBaTh reoMeTpruyecknii Mup, Bce obbekTbl
KOTOPOro — TOYKIU .

Ha MHOXeCTBe TOYeK eCTb BCEro Nunllb ABa 6a30BbIx npeonkaTa:

B TO4YKA y NEXUT MEeXAy TOYKaMnN X N Z Ha
X,Y,Z < ~
( Y ) O4HON NpsAMOn

TOYKa X OTCTOUT OT TOYKM ¥y Ha TaAKOE XK€

D(x,y,z, u
( Y 2, ) pPacCTOsIHME, YTO U TOYKA Z OT TOYKWN U



AkcnomaTtumnyeckoe ycTpoincTBO reomeTpumn

Akcnombl T1-ThH

. Vx,y,z (B(x,y,z) = B(z,y,x))

( akcmoma cummeTpuyHOCTM npegukaTa B)

. Vx,y,z,u (B(x,y,u)&B(y,z,u) — B(x,y,z))

(akcnoma TpaH3MTUBHOCTM npeankaTta B)

. Vx,y D(x,y,y,x)

(akcnoma CUMMETPUYHOCTI PAaBEHCTBA AJIMH OTPE3KOB )

. Vx,y,z (D(x,y,z,z) — x=y)

(akcnoma Hyneeoro oTpeska )

. VX1, Y1, X2, Y2, X3, ¥3

(D(x1, y1, %2, y2)&D(x2, y2,x3,¥3) — D(x1,y1,x3,¥3))
(akcnoma TPaH3MTMBHOCTM PaBEHCTBA AJINH OTPE3KOB )



AkcnomaTtumnyeckoe ycTpoincTBO reomeTpumn

Akcuoma T6

6). Vx1,y1,21, U1, X2, y2, 22, U2
(x1 # y1&y1 # 21&
B(x1,y1,21)&B(x2, y2, 22) &
D(Xl,YLX2,Y2)&D(Y1,217Y2722)&
D(y1, u1, y2, u2)&D(x1, u1, x2, a) —
— D(z1,u1, 22, t2))
(akcnoma naTn oTpeskos )

u u2

X1 1 z] X2 Y2 z2



AkcnomaTtumnyeckoe ycTpoincTBO reomeTpumn

Akcnombl T7-T10

7). Vx,y,z,u 3v (B(x,y,v) & D(y, v, z, u))
(akcmoma oTknaAbIBaHMS OTpe3ka )
8). Vx,y 3z (B(x,2,y)&D(x, z,2,y))
(akcmoma feneHust oTpeska nononam )
9). 3Ix,y,z (=B(x,y,2z) & =B(x,z,y) & =B(z,x,y))
(akcrnoma CyLlecTBOBaHNSI HEKOIMHEAPHBIX TOYEK )
10). Vx,y,z (—-B(x,y,z) & =B(x,z,y) & =B(z,x,y) —
5 3v (D(v,x, v, )&D(v, x,v, 2))
(akcnoma LeHTpa ONMCaHHOR OKPY>XHOCTK )



AkcnomaTtumnyeckoe ycTpoincTBO reomeTpumn
Akcuoma T11

11). Vx,y,z,u,v
(D(x, u,x,v)&D(y,u,y,v)&D(z,u,z,v) —
— (B(x,y,z)V B(y,z,x)V B(z,y,x)))
(akcnoma nepneHauKyasipa K CEpeANHE OTPe3Ka )




AkcnomaTtumnyeckoe ycTpoincTBO reomeTpumn
Akcnoma T12

12). ¥x,y,z,u,v
(B(x,u,z)&B(y,z,v) —
— 3w (B(y, u, w)&B(x, w, v)))
(akcvoma MMawa )




AkcnomaTtumnyeckoe ycTpoincTBO reomeTpumn

Akcuoma T13

13). Ix Yy, z (p(y)&y(z) — B(x,y,z)) —
— X' Vy, z (p(y)&¥(z) — B(y,x',2))

(cxema akCMOM HenpepbIBHOCTY )



AkcnomaTtumnyeckoe ycTpoincTBO reomeTpumn

OcHoBHble cBolicTBa hopManbHOI reomeTpumn Tapckoro

Teopema
AkcunomaTuyeckas Teopus T1-T13 (bopmansHas reomeTpus
Tapckoro)

>

>

>

>

HEeNpOTUBOPEYNBA,
nosHa,
KaTeropnyHa,

aNropuTMNYECKU pa3peLunma.

K coxaneHnio Ans WKOALHUKOB, pa3peLuatoLias npouesypa,
cnocobHas foka3biBaTb AtODYIO reOMETPUYECKYO TEOPEMY, NMEET
HEBEPOSITHO BOJLLUYIO BBIYNCINTENBHYIO CIOKHOCTb.



Teopusa MHoXxecTB

MHOMECTBO — 370 ocHOBOMOMaratoLLee NOHATUE COBPEMEHHOI
maTemaTukin. [ToHsTE MHOXKECTBA NPeanoXus BO BTOPOIi
nonoesuHe 19 B. Hemeukuii maTemaTuk leopr KanTtop.

A 4TO ke Takoe MHOXecTBO?

MockonbKy 3TO OCHOBOMONAraKLLEe NOHATUE, CTPOrOro
onpeneneHns faTb HeNb3si. ITO Konnekuns (cemeircTeo,
COBOKYMHOCTb, cobpaHune) paznuynbix npegmeTtos (06bekTOB,
3/1EMEHTOB ).

MO)KeT AN MaTEMATUKaA CI'IOKOI7IHO pa3BVIBaTbCﬂ, OI'IVIpaﬂCb Ha CTONb
3bIbkoe ocHoBaHue?



Teopusa MHoXxecTB

MNapagokc Paccena

DneMeHTaMn MHOXECTB MOTyT bbITh MHOXecTBa. PaccmoTpum
KOJIIEKLMIO BCEX MHOXECTB, KaX0e N3 KOTOPbIX HE SBASETCA
cBOMM cobCTBEHHbIM anemenToM: A = {x : x & x}.

Y Hac HeT [OCTaTOYHbIX OCHOBAHWIi HE NPU3HABaTL STy
COBOKYMHOCTb MHOXECTB A MHOXECTBOM.

Ho Toraa Mbl gomkHbI yMeTb AaBaTh OTBET Ha BOMPOC:
COAEPXKUT N MHOXKECTBO A B Ka4YeCTBE 3/IEMEHTA CAMO MHOXECTBO
A (1. e. BepHo nnut0o A€ A7)
Otget obeckyparkmsatoLmii:
» ecim A € A, To no onpegenernto A BepHo A ¢ A,

> aecnn A ¢ A, 1o no onpeaenennto A BepHo A € A.



Teopusa MHoXxecTB

3Ha4nT, B HAUBHOI TEOPUN MHOXECTB CYLLECTBYHOT
MaTeMaTU4ecKne YTBEPKAEHWNS, KOTOPble HENb3s NPU3HATb HU
WCTUHHBIMW, HU NIOXXHBIMW. Ha ocHOBe Takoli pacnnbiB4aTOl
TEOpMMN XOpOLUEel MaTeMATUKN HE NOCTPONTD.

MoxeT bbITb CTOUNO Bbl UCKNOUNTL 3TY CTPaHHYKO KONeKuuo A
M3 Yncaa MHoxkecTs?

Mo>xHo. Ho Torga npnaetcs co3gaTh «KOAEKC TEOPUU MHOXECTBY,
B KOTOPOM AOJ/DKHO DbITb YKa3aHO, Kakne NMEHHO KOHCTPYKL MK
NMPU3HAOTCA MHOXECTBaMW, N KAaKNMN CBOWCTBaMUN OHMN AOJKHbI
obnapate.

MonbITKy CO30aHNA TAaKOrO K KOLEKCA TEOPUN MHOXECTBY» —
AKCMOMATUHECKON TEOPUN MHOXKECTB — MPEANPUHSN DPHECT
Uepmeno B 1908 r.. Akcnomatuky Lepmeno nononnunn Abpaxam
Dpenkenb, Topansd Ckonem, Ixon o Heiiman.



Teopus mHoxecTB Llepmeno—®peHkens

[MoHATNE MHOXECTBA 1 CBOWCTBA MHOXECTB MOXHO OnNucaThb C
NCNoJIb30BaHNEM €AVNHCTBEHHOIrO NPEANKATHOrO CUMBOJa € ,
o6o3Haqarou.|,ero OTHOLUEHNE NPUHAANEXKHOCTU OQHOITO MHOXECTBA
B Ka4eCTBE 3/1€MEHTa OPpYyroro MHOXXeCTBa.

MpeactaBum cebe maTeMaTNYECKU MUP, COCTOSILLMIA TONIBKO 13
MHOXECTB. JTOT MUP MOXET bbITh ONMCaH CleayoLwumMu
akcuomamu.



Teopus mHoxecTB Llepmeno—®peHkens

1)V, y,u,v(x=y&u=v) -5 (x€u = y€ev)

(AkcrMomMa paBeHCTBa MHOXECTB )

2) Vx,y (Vz(zeEx = z€y) = x=y)

(Akcnoma obwvemuoctn )
3) VxVuy,..
(Cxema akcuom Bbigenenus )

3gecb o(x, ug, . .
NOTUKN NPeANKaTOB CUTHATYpbl 0 = (€.

LupdyVz(zey = (zex & o(z,u1,..

3 Un)))

., Up) — npou3BosibHas copmysna



Teopus mHoxecTB Llepmeno—®peHkens

[NpyMepbl NPpUMEHEHNA aKCUOMBbI BblAENEHUS

1. CywecTByeT eANHCTBEHHOE MEPECEHEHNE ABYX MHOXECTBO

CyLLI,eCTBOBaHVIe nepecedeHnda AByxX MHOXECTB CneayeT U3 akCUOMbI
BblAENEHNA

Vxi,x dy Vz (zey = (z€x & z € x)),
a eNHCTBEHHOCTb NEPECEHEHUS CNEAYET N3 aKCMOMbI 06BEMHOCTM

Vx,y Vz(zex = z€y) = x=y).



Teopus mHoxecTB Llepmeno—®peHkens

an/IMepr NMPUMEHEHNA aKCUOMbI BblAESICHNA

2. CyuwecTByeT eMHCTBEHHOE MYCTOE MHOXECTBO

CyLLI,eCTBOBaHVIe NyCcTOro MHO>XeCTBa CNE€AYET N3 aKCUMBbI
BblAENEHNSA

Vx dyVz(z ey = (z € x & z # z2)),

a eJUHCTBEHHOCTb MYCTOr0 MHOXECTBA CNeLYeT U3 aKCUOMBI
obbemHOCTH

Vx,y Vz(zex = z€y) = x=y).

Ho 3peck ecTb oguu HioaHc. A oTkyaa bepetcss MHOXecTBO X Ha
OCHOBAHNMN KOTOPOFO OMPEAENSIETCA NYCTOE MHOXKECTBO?



Teopus mHoxecTB Llepmeno—®peHkens

an/IMepr NMPUMEHEHNA aKCUOMbI BblAESICHNA

2. CyuwecTByeT eMHCTBEHHOE MYCTOE MHOXECTBO

CyLLI,eCTBOBaHVIe NyCcTOro MHO>XeCTBa CNE€AYET N3 aKCUMBbI
BblAENEHNSA

VX yWz(zey = (ze X & z # z)),

a eJVHCTBEHHOCTb MYCTOr0 MHOXECTBA CNefYyeT U3 aKCUOMBbI
obbemHOCTH

Vx,y Vz(zex = z€y) = x=y).

Ho 3peck ecTb oguu HioaHc. A oTkyaa bepetcss MHOXecTBO X Ha
OCHOBAHNMN KOTOPOFO OMPEAENSIETCA NYCTOE MHOXKECTBO?



Teopus mHoxecTB Llepmeno—®peHkens

[NpyMepbl NPpUMEHEHNA aKCUOMBbI BbIAENEHUS

MNoaToMy NpuxoAuTCA BBOAWTL CMELMANBHYIO aKCUOMY.

4). Jy Vz =~(z € y)
(Akcnoma nycToro MHOXecTea )

Beegem cneumnanbHbili cumeon & ansi 0bo3HaveHns NycToro
MHOXECTBA, a 3anuck ¥y = & byaem paccMaTpuBaTb Kak
cokpaleHHoe 0bo3HaueHne opmysbl

Vz o(ze€y).



Teopus mHoxecTB Llepmeno—®peHkens

an/IMepr NPUMEHEHNA aKCUOMbI BblAENICHNA

3. CywecTByeT eANHCTBEHHOE ODBEAVHEHNE ABYX MHOXECTE
Kaszanoch 6bl, 0bbeanHeHne MHOXECTB IEFKO BBECTN TaK Xe, Kak
5T0 6bI1O CAeNnaHo ANs nepecedHeHus:

Vxi,x0 JyVz(zey = (zex1 V z€x)).
Ho sta dopmyna He nognagaer nog Cxemy akCUOM BbIAENEHNS
VxVui,...,up dyVz(z€ey = (z€x & p(z,u1,...,up))) .
MoxxHo bbino bbl 3anucaTh onpeaeneHne obbeANHEHNS TaK:
VX, x1,% dyVz(zey = (zeX & (z#x1 V z€ x))).

Ho coBeplueHHO HENOHATHO, OTKYAA B3ATh NOAXOASLLEE MHOXECTBO
X. Moxet 6biTh, B KauecTse X B3sTb x1 U Xx2? Ho mbl Beap elle He

P



Teopus mHoxecTB Llepmeno—®peHkens

an/IMepr NPUMEHEHNA aKCUOMbI BblAENICHNA

I_IO3TOMy NpuUxXoanTCA BBOANTb OBE CneUunanbHbI€ aKCNOMBbI.

5. Vy,z3xVu(uex = (u=y V u=2z))
(Akcnoma napsi )

MHOXeCTBO X, CyLeCTBOBaHNE KOTOPOro yTBEPXKAAET aKCMOMa
napbl, TpagnunoHHo obosnavaercs {y, z}.

6). Vy IxVu(uex = Fz(z€y & ue2z))
(Akcnoma obbvepntenus )

MHoXeCTBO X, CyLLeCTBOBaHNe KOTOPOro YTBEPXKAeT akCloma

obbeguHenus, TpagnunonHo obosnavaerca | z wan bonee
zey
kopoTko Uy. Takum obpasom x; U xa — 310 U{x1, x2}.



Teopus mHoxecTB Llepmeno—®peHkens

[NpyMepbl NPpUMEHEHNS aKCUOMBbI BblAENEHNS

4. A 4TO genaTb, €CIN HAM HY>XXHO MHOXECTBO, COCTOSILLEE U3
OJHOrO-€MHCTBEHHOIO 3NeMeHTa’

[ns 3TOro JOCTaTOYHO BbILENEHUS N aKCMOMBbI Napbi:
MHOXECTBO, COCTOSILLLEE N3 OZHOIO 3/IEMEHTA U — 3TO MHOXECTBO
{u,u}.

5. A 4To genaTb, €CAKM HaM HYXKHbI YNOPsAOYEHHbIE Habopsbl
3N1E€MEHTOB”

[lnsi 3TOro [OCTaTOYHO aKCUOMbI BbIAEAEHNS U aKCUOMbI Mapbl:
ynopsigodeHHas napa (y, z) — ato mHoxecteo {y,{y,z}}.
[anee aHanoOrM4HO MOXKHO ONpeaensiTb ynopsgoHeHHble Habopbl
(kopTexn), pyHKUNU, NHBEKTNBHbIE OTODPaXKeHMs, BUEKTUBHbIE
0TODpa)keHmMsi, OTHOLLEHMS BKIOYEHMS, PABHOMOLLHOCTY U T. A.



Teopus mHoxecTB Llepmeno—®peHkens

Ho Takum obpasom 13 nycToro MHOXeCTBa &, — €AUHCTBEHHOrO
MHOXeCTBA, CyLLEeCTBOBaHME KOTOPOro rapaHTUPYOT akCUOMbI, —
MOXHO NOJIYHUTb TOJIbKO KOHeYHble MHOXECTBA. A OTKyza
BO3bMYTCS BeCKOHeYHble MHOXKECTBA?

7). Ix(@ex&Vy (yex — yU{y}ex))
(Akcnoma beckoHeyHOCTN )

q)aKTVI‘-IECKVI, akcnoma beckoHe4HOCTM ONpeaenAaeT MHOXXECTBO
HaTypaJibHbIX HYUCenN:

{2 (o), {242}, {2.{2} {2, {2}}}, ... |

N~ ———
2 3

0 1



Teopus mHoxecTB Llepmeno—®peHkens

A oTKyZa BO3bMYTCS HECHETHBIE MHOXECTBA !

8). Vy IxVz (zex = VYu(uez — ucy))
(Akcnoma crenenn )

AKCUOMa CTEMEHN ONPEaEnseT MHOXECTBO BCEX NOAMHOXKECTB
33a[laHHOr0 MHOXECTBA (MHOXECTBO-CTeNeHb, powerset). 3HaunT,
MHOXECTBA MOMYT HapacTaTb HEOTPaHUYEHHO «BLICOKOY.



Teopus mHoxecTB Llepmeno—®peHkens

A ABNAOTCA NN MHOXECTBAMU 0Bpasbl MHOXECTB OTHOCUTENBLHO
3agaHHbIX PyHKUNNA, OnpegensiemMbix npu noMowmn hopMyn AornKkn
npeankaTos?

9). Vx (Vy.z,u (y € x & ¢(y,z) & p(y,u) = z=u) —
— Jvvw (wev = 3t (te€x&p(t,w))))
(Cxema akcmom 3ameHbl )



Teopus mHoxecTB Llepmeno—®peHkens

A Hackonbko «rnyboko» MOryT onyckaTbcs MHOXecTsa! He moryT
AN y Hac 0bpas3oBLIBATLCA TaKUE MHOXECTBA, KOTOPbLIE BXOAAT B
coctaB camux cebs B KayecTse 3N1€MeHTOB?

10). Vx (x#@ — Jy (yex & xnNy =2))
(Akcnoma dpyHamposaHus (perynsipHoctu) )

DTa akCMOMa WrpaeT posb NpefoxpaHuTens, obeperatoLlero
TEOPUIO MHOXECTB OT Napafokcos. Akcuoma (yHAUPOBaHUS
06bsBASET, YTO CEMENCTBA MHOXECTB BMAA

{X17X27X37"'} )

y kotopbix Xo € X1, X3€ Xo, ..., Xpp1 € Xy, -+ U T. A.
MHOXECTBAMU HE SABAAOTCS .



Teopus mHoxecTB Llepmeno—®peHkens

MpuMepbl NPUMEHEHUSI aKCUOMbI (PYHANPOBaAHNS

ZF FVu(u ¢ u)
N3 akcnombl pyHanposatns

Vx (x#©@ — Jy (yex&xnNy=0))
cnegyet (ecnn B kKadecTse x Bbibpats {u})
ZFt-3y (ye{u} & {u}ny=0).

MockoNbKy eANHCTBEHHbLIM 3/1eMEHTOM y B MHOXecTBe {u}
ABNAETCA U, NOAy4aem

ZFF{ulnu=o.

CneposatensHo, ZF - u ¢ u.



Teopus mHoxecTB Llepmeno—®peHkens

Mpumepbl NPUMEHEHNS aKCMOMbI (PYHANPOBaHNS

MonpobyiiTe camocToaTeNbHO YOeaANTLCS, YTO U3 aKCMOM Teopun
MHoxecTe Llepmeno—®peHkens cnefyeT HeBO3MOXHOCTb
CYLLECTBOBAHMNS «MapajoOKCabHbLIX MHOXECTBY

ZF -Yu,v (ué¢v Vv ¢u)

ZFE-3xVy (yex =y ¢dy)

HyXHbl nn ewe kakne-Hubyab apyrvue akcuombl?



Teopus mHoxecTB Llepmeno—®peHkens
K coxaneHnto, ois peleHins HeKOTOpbIX 3a4a4 NPUXOZNTCS
BBOAMTL AONOJHUTENBbHBIE aKCUOMBbI.
Hanpumep, nntynumus nogckasbisaet, 4To atobble ABa MHOXECTBa
BOJDKHbI BbITb CpaBHMMBI N0 MowHOCTW. [dea MHoxXecTBa A n B
Ha3bIBatoTCA pasHomoLHbiMu (A ~ B), ecnu cyliectsyeTt
buekTneHasa dyHKUNSA, 0TObpa)katoLlasi 04HO MHOXECTBO Ha
apyroe. CnpaBennuso nu cnegytoluee yreepxaeHme?

Teopema Tpuxotomun. ns nobbix asyx MHoxecTe A u B BepHo
OLHO N3 Tpex:

» nnbo A ~ B,
» nnbo A £ B, Ho cywecteyeT Takoe A, A’ C A, uto A ~ B,
» nmbo A £ B, Ho cywecTeyeT Takoe B, B' C B, uto A~ B’.

3Ty TEOpPEMY MOXHO A0Ka3aTb, HO MWL MPNU TOM YC/IOBUMN, €CN Y
HaC eCTb XOTb KaKoii-Hubyas cnocob, nossonstowuii BoIbpaTh 13
NPON3BOJILHOrO HEMYCTOrO MHOXECTBA XOTb KaKOW-HNDyAb 31eMeHT.
Y106kl 3TOT cnocob Bbibopa cTan neranbHbIM CPEACTEOM
[0Ka3aTeNbCTBA, HYXKHO BBECTU CMeELNaibHY aKCMoMy Bbibopa .



Teopus mHoxecTB Llepmeno—®peHkens

Akcnoma Bbibopa (CA)

KakoBo 6bl HU BbIIO MHOXECTBO MOMNapPHO HEMEPECEKAOLLINXCS
mHoxecte U = { X1, Xa, ...}, cywecteyer mHoxecTso Y/,
coepiKallee B TOYHOCTM MO OAHOMY MPELCTABUTENIO U3 KAXKZOTO
MHoxecTBa X1, Xo,... cemeiictea U.

Akcuoma BbIbOpa NCMONL3YETCSt NpU AOKA3aTENLCTBE OYEHb
bonbworo yncna Teopem matemaTnkin. C ee NOMOLLLIO MOXHO
LOKa3aTb BECbMa HEOXUAaHHbIE YTBepXKAeHUs. K ux yncay
OTHOCUTCA

Teopema Llepmeno

JTtoboe MHOXXECTBO MOXHO BMOJIHE YNOPAAOYNTD, T. €. ONPEAENTb
Ha 3TOM MHOXECTBE Takoe OTHOLUEHWUE NNHENHOrO NopsigKka, npu
KOTOPOM He cyluecTByeT beckoHe4yHo ybbiBaroLmx
NOC/EeA0BATENLHOCTEN DIEMEHTOB.



Teopus mHoxecTB Llepmeno—®peHkens
A He npuBHeceT nn akcuoma Bbibopa Kakoe-HMbyabL NpoTueBOpe4Yne

B Teoputo ZF? 3TOT BONPOC OCTAETCA OTKPLITLIM U MO Cel AeHb.

Ectb B TeOpnn MHOXECTB 1 Apyrue 3agayn, AJsi peLleHnst KOTOPbIX
HEeLOCTAaTOYHO aKCMoM Teopuu MHoxecTs ZF.

KoHTunyym-runotesa (CH)

JTtoboe MoaMHOXKECTBO MHOXKECTBA BELLECTBEHHbIX Yncen Anbo
SIBNISIETCS CHETHBIM, JIMBO PaBHOMOLLHO MHOXECTBY BELLECTBEHHbIX
qucen (SBASETCS KOHTUHYasIbHBIM).

B 1939 r. K. Tegenb gokasan teopemy:

Ecnun teopusi mHoxects ZF+CA HenpoTusopednsa, T0 Teopus
ZF+ACHCH Takxe HenpoTnBOpe4yrnBa .

B 1963 r. 1. KosH pokasan Teopemy:

Ecnn teopus muoxects ZF4+CA HenpoTueopeyunsa, To Teopus
ZF+AC+-CH Takxe HenpoTnBOpeymBa .



dopmanbHasa apudmeTuka

A MOXXHO /I MONHOCTBIO aKCMOMAaTU3UPOBaTh apucpMeETUKY
HaTypafbHbIX Yucen?

B 1889 r. utanbsinckunii matemaTuk [. MNeaHo npeanoxunn cnucok
aKCMOM, MPU NOMOLLN KOTOPbIX MOXXHO A0Ka3biBaTb YTBEPXKAEHUS O
CBOMCTBAxX HaTypasibHbIX YNCEN.

ApudmeTtuka MNeano (PA) obpasyercs 3a cuer pobaeneHns K
KUM= curnatypser (0,5, 4, X) Ceayolwmx akcmom.

3aech s(x) HyKHO pacCMaTprBaTh Kak OLHOMECTHYHO OMEpaLuio,
PEANN3YIOLLYIO (OYHKLNIO BbIYUCIEHNS CAELYHOLLErO HAaTypadbHOro
yucna x + 1.



dopmanbHasa apudmeTuka

1. Vx,y (s(x) =s(y) = x=y);

2. ¥x (s(x) #0);

3. Vx dy(x #0 = x=s(y));

4. Vx (x40 = x);

5. Vx,y (x+s(y) = s(x +y));

6. Vx (x x 0 =0);

7. VYx,y (x x s(y) = x X y + x);

8. ¢(0) & Vx (p(x) — ©(s(x))) — Vx ¢(x).

Bonpoc 0 HENpoTUBOPEUHMBOCTU 1 MOJHOTE 3TOW aKCUOMATUYHECKON
TEOpUWN JOSIrOE BPEMS OCTaBaCs LeHTpanbHOW npobnemoii
matemaTukun. B 1931 r. K. lepenb gokazan Teopemy, koTopas gana
COBEPLUEHHO HEOXXNIAHHBIA OTBET Ha 3TOT BOMPOC.



dopmanbHasa apudmeTuka

Hymepanbl n apudmetnsyemblie OTHOLLEHUS

Hymepanom i HaTypasbHOro 4ncna n HasbiBaeTCs TEPM

n pas

Hanpuwmep, 4 — 370 Tepm s(s(s(s(0)))) .

Othowenne PX) Ha MHOXECTBE HaTypanbHbIX 4ICEN Ha3bIBAETCS
apumeTnsyembiM , €CNN CyLWECTBYeT Takas opmyna
o(x1,X2,...,Xk), 4TO ANst BCAKOro Habopa HaTypasbHbIX YMCen
(N1, n2,...,NK) BEPHbI COOTHOLLEHUS

> P(k)(nl, n,..., nk) =true <— PAL (,Q(ﬁl, ny,..., nk) ,

> P(k)(nl, np,..., nk) = false <— PAF ﬁgp(ﬁl, Ny, ..., ﬁk) .



dopmanbHasa apudmeTuka

Hymepanbl n apudmetnsyemble OTHOLLEHUS

Teopema legens—Tbtopunra.

Otrowenne PX) Ha MHOXECTBE HAaTypanbHbIX Yucen
apnmMeTn3yemMo B TOM 1 TONbKO TOM CJy4ae, ecan CyLLecTByeT
Takas mawwuHa Teropurra M, koTopas ana nwboro Habopa
HaTypanbHbIX Yucen (Ni, N, ..., Nx) MMEET 3aBEpLIAOLLEECs
BbluMCAeHNe, NpeobpasytoLlee HavaabHYO KOHUIypaunto

g1 11...1011...10...011...1
—— = S——
nm+1 pa3 m+1 pas ne+1 pas

> B 3aKIOYUTENBHYO KOHUrypaumo gol, ecnm
P(k)(nl./ n,..., nk) = true,

> B 3aKNOYUTENLHYIO KOHUrypaumo go0, ecnu
PX)(ny, no, ..., ny) = false.



dopmanbHasa apudmeTuka

Hymepauunsa legensa

3akogmpyem HaTypasbHbIMU Yncaamu (3aHymepyem) CUMBOJIbI
andpaeuta dopmanbHoii apumeTnkin, hopMysbl N KOHEYHbIE
nocaefoBaTENLHOCTN hopMYyII.

gn(0) =3, gn(s) =5, gn(+) =7, gn(x) =9, gn(=) =11,

gn(—) =13, gn(&) = 15, gn(V) = 17, gn(—) = 19,
gn(V) =21, gn(3) = 23,

gn( ()=25,gn())=21,
gn(x1) =29, gn(x) =31, ..., gn(x) =27+ 2i,....

[epenes Homep crioBa:
gn(aiazas...ay) = 2gn(a1) 3en(a2)pen(as) pfn(a”).

lenenes HoMep NOCAEA0BATENLHOCTMN CAOB:
gn(a1a2a3 o («Vm) _ 2gn(n1)3gn(a.2)5gn(a3 o pin(ozm)_



dopmanbHasa apudmeTuka

Mpumepbl apnMETU3YEMbIX OTHOLLIEHWA

PaccmoTpum gBa oTHOweHuns

1. Form® : Form(n) = true <= n — regenes Homep
dopmynel apucpmetukn lNeano.

2. Proof®® : Proof(n,m) = true <= n — regenes Homep
HEKOTOpOIA dopmynsl ¢ apudpmetuku MNeaHo, a m — regenes
HOMEp KOHEYHOli nocneaosaTensHoCTu hopmyi,
COCTaBASIOWEN [OKA3ATENbCTBO (DOPMYJIbI (O .

Jlemma
OtHowenus Form u Proof apudpmetrnzupyems.

ObozHauum Proof apudmetuyeckyro opmyny, peannsyoLlyto
npeankat Proof .



dopmanbHasa apudmeTuka

CrpaHHble npegukaTsl

Hy, ecnmn Bbl nosepunu, 4TO npeaukat Proof(? apndmeTunsyem, To
COBEPLUEHHO OYEBUAHO, HTO apUPMETUIYEMBIM SIBASIETCA U TaKOI
CTPaHHbIA npeankaT MetaProof(®

MetaProof(n, m) = true

0

n — reaenes HoMep HekoTopoli cdopmynbl apucpmetuku Mearo,
©(x), 3aBUCSLLENA OT OAHOW NEPEMEHHOIA,

a m — reAenes HOMEP KOHEYHOIi nocneaosaTensHOCTU chopmyn,
COCTaBNSAOWEN A0Ka3aTenbCTBO hopmynbl (i) .

Ho ecnn npeaukat MetaProof(?) apumMeTM3yeM, TO CyLLEeCTBYET
apudmeTnyeckas dopmyna VV(x, y), BblparkaroLLasi OTHOLLEHNE
MetaProof.



dopmanbHasa apudmeTuka

CrpaHHble npegukaThl

Paccmotpum dhopmyny o(x) = —Jy W(x,y) n ee regenes Homep
no = gn(p(x)) -

VHTepecHo, a 4ToO 3a BbiCKa3blBaHME BbIpaXkaeT 3aMKHyTast
copmyna ¢(ig) ?

7o BbiCKasbiBaHmMe TakoBo: Henb3si gokasats dopmyny ¢(ig) ,

T. €. hopmyna ¢(fg) yTBEPXKIAET, HTO OHA HEJOKa3yeMma.

Takum 0bpa3oM, Mbl UMEEM LENO CO CTPOro ChOPMYNMPOBAHHEIM
aHa/jIorom «napajokca Jixeuay.

N ecnn aTa popmyna feliCTBUTENBHO HE UMEET AOKA3aTENLCTBA B
apudmeTuke [NeaHo, To OHa BbIPa)KaeT UCTUHHOE CYXXAEHME.



Teopema lNegens o HenonHoTe PA

(obneryeHHbIi BapUaHT)

Ecnv MHOXECTBO HaTypasibHbIX HUCEN C OMEPALUSIMI CIOKEHUS 1
ymHoxenus (Np, +, X) sensetrca mogensto ans akcuom PA, to PA
HEnoJsHa.

[okazaTenbcTBO.

1. Mokaxem, uto PA / ¢(ig) .
Honyctum npotusroe PA - ¢(ig) . Torga dopmyna (ig) mmeer
nokazaTenscTso B PA: 1,1y, ... Yy = ¢(ip).

Mycte m = gn(w1, 12, ..., ¢¥y) . Torpa MetaProof (ng, m) = true .
Moatomy, yunTbiBasi apucpmeTusyemocts npegukata MetaProof ,
nonydaem PA )V (g, m). Ho aTo o3Havaer, 4To

PAF 3y W(np,y) wn, cnepoatensHo, PA - —p(ig) .

Ho 370 o3Ha4vaert, 40 PA — npoTuBope4msasi Teopusi, BOMNpekn
ycnosuto Teopembl (PA nmeet mogens).



Teopema lNegens o HenonHoTe PA

(obneryeHHbIlt BapUaHT)

Ecnv MHOXeCTBO HaTypasibHbIX HUCEN C OMEPALUSIMU CIOKEHUS 1
ymHoxerus (Np, +, X) senaserca mogensto ans akcuom PA, to PA
HEenoJHa.

JokazaTenbcTeO.

2. Nokaxem, 4to PA I/ =p(ip) .

Honyctum npotusroe PA - —p(ig), 1. e. PAE Jy W(ing,y).
Torpa (no4emy?) CyliecTByeT Takoe HaTypasbHOE HUCAO M, AAs
koToporo BepHo PA - W(ig, m). YunTsigasi, 4o cdopmyna W
Bblpa)kaeT oTHoweHune MetaProof , npuxogum K BbIBOAY: M — 3TO
refenes Homep AokasaTensctea dopmynsl ¢(ig) 8 PA. 3naunr,
PA |+ o(ing) -

Ho 370 o3HauaeT, 4yTo PA — npoTueopeymBasi Teopusi, BONpeku
ycnoeuto Teopemsl (PA umeet mogens).



Teopema lNegens o HenonHoTe PA

(obneryeHHbIli BapnaHT)

Ecanm MHOXeCTBO HaTypasibHbIX YNCEN C ONMEPALUSIMI CIIOKEHUSA 1
ymHoxenus (Np, +, X) seasetca mogensto ans akcuom PA, to PA
HenosHa.

[lokazaTenbCTBO.

3. Nrak,

PA Y (o)

PA Y —p(io) -

3nauur, p(ng) = —Jy W(ip, y) — 310 ncTnHHoe apudmetuyeckoe
YTBEPXKAEHNE, KOTOPOE HENb3st HU [OKAa3aThb, HU ONPOBEPTHYTL B
apudmeTuke learo.

3HauuT, apucdpmMetuka MeaHo HenonHa. ]



Teopema lNegens o HenonHoTe PA

(OcHoBHoli BapunaHT)

Myctb 3anuce Consist obosHauvaeT apudmeTnyeckyo dhopmyny

—3X Proof(gn(0 = s(0)), X)

Ecnn dopmanbras apudpmetnka PA HenpoTueopednsa, To

PA I/ Consist
PA I/ —Consist.

3To 03HAYaEeT, YTO aKCMOMaTU4ecKue Teopun (CKob Obl
BbIPa3nNTENbHbI OHN HK 6bIJ'IVI) HE NO3BONANT NMNOCTPONTL
A0Ka3aTeNbCTBO UX CODCTBEHHOW HEMPOTNBOPEUNBOCTU.



NMocnepoBatensHocTu lNyawiteiiHa

OguH n3 Hanbonee sipKNX NPUMEPOB, MOKA3bIBAOLLMX HEMOJAHOTY
aKCNOMATUYECKON apndMeTnKM, Dbia NpesnoXkeH aHrANACKIM
matemaTukom Pybenom lyguteiiHom.

Kam,u,oe HAaTypasbHOE HUCNO M MOXET 6bITh npeactaBacHoO
€ONHCTBEHHBIM o6pa30|v| B N-4YHOW CUCTEME CHUCIEHUSA

k k—1 1
m=agn" + ax_1n 44 aint + agn® |
roe ag, ak—1,-..,4ai,dp — 4mcna ms gnanasona 0,...,n— 1. Ho
ctenenn k., k —1,...,1,0 TakxKe MOXHO NpesCTaBUTb B N-YHOIA

cncteme cyucnenns. M e npeacTaBACHUN 3TUX CTENeHen Takxe
MO>XHO COOTBETCTBYHOLLME CTENEHN NPEACTABNATL B n-4HoW
CNCTEME CHUCNEHNA.

/1 okoHuaTenbHOe npepcTaBaeHne YUcaa m, B KOTOPOM BCE YUCa
— 1 k03bULMEHTBI U CTENEHU — NPEACTABAEHbI B N-YHOI
CUCTEME CYNCNEHUS, HA3bIBAETCA HACIEACTBEHHO NN-HHOW CUCTEMOIA
cuncienus . Takoe npeactasnedne bynem obosHadate H(m, n).



NMocnepoBatensHocTu lNyawiteiiHa

Hanpumep,

555 = 1-22°41-254+1-2341.2141.20
- 1. 21-23+1-20 1. 21'22+1'20 1. 21-21+1-20 1. 21 1. 20
- 1. 21-21‘21+1+1-20 +1. 91224120 +1- 91214120 +1-2141.20

Takum obpasom,

o1
H(555,2) = 128272 741 4 1 o121 4 g 912041 4 g ol 4



NMocnepoBatensHocTu lNyawiteiiHa

Mocneposatensrocts [ygwreiina G(N) onpepensieTcs Tak:

1. BosbmnTe npon3eonbHOe HaTypanbHoe yncio N. 3T1o yncio
— NepBbIii 4AEH NOCNENOBATENBHOCTY a1.

2. Y10obbl nonyunTh BTOPOIE YneH ap, noctpoiite H(a1, 2),
3aMeHMTE B 3TOM npeacTaeneHun 2 Ha 3 1 BbIYTUTE K3
nosy4usLuerocs ymcna 1.

n. YT1obbl nony4nTs n-ii Yunew a,, noctpoiite H(a,—1,n),
3aMEHNTE B 3TOM NpeacTaBfieHnn N Ha N+ 1 n BbluTUTE U3
noay4umeLuerocs 4mcna 1.

Teopema lNyawTeiiHa o cxogumoctu G(N).

Niwbas nocnepoeaTtensHocTs [NygwTeiina cxogutes k 0, T.e.
ans noboro HaTypanbHoro yncna N cyuwiecTeyeT Takoe
HaTypaJbHOE YUCNO N, Ans KoToporo a, = 0.



NMocnepoBatensHocTu lNyawiteiiHa

Hanpunwmep, nocnegosatenshocts G(3) cxogutes k 0 yepes 6
LIAroB:

3,3,3,2,1,0

NocneaosaTenshocTs G(4) cxopntea cnycTs 3 - 2402053211

Liaros.

Teopema Kupbu-Mapn
VTBepxaerue o cxogumoctun nwoboii nocneposatenstoctu G(N)
Hefokazyemo B apudmeTtuke lMeaHo.
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